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Quasi-symmetric 2-designs with block intersection numbers 0 and y>2 are 
studied using an additional property that any triple of points is contained in 0 or 
p blocks for some positive constant p. Some characterization results including the 
extremal cases k = y2 +y, 1 =y’+y- 1 and L =y* are given. The paper also 
contains some structural investigations of biplanes of characteristic three. 0 1992 
Academic Press, Inc. 
A 2-(v, k, /2) design D is called quasi-symmetric if any pair of its blocks 
intersects in x or y points (where x and y are non-negative numbers, x < y). 
This paper restricts itself to (x, y) = (0, y). A quasi-symmetric design (q.s. 
design) is called proper if both the intersection numbers occur. Clearly then 
an improper q.s. design is just a symmetric design. In [ 111 Mavron and 
M. S. Shrikhande classified quasi-symmetric designs with (x, y) = (0,2). 
The main purpose of this paper is to generalize some of the results in [Ill] 
to (x, y) = (0, y), y 2 2. To achieve this, we impose an extra condition on 
such q.s. designs. A quasi-symmetric design is said to have property (0) if 
any triple of its points is contained in 0 or p blocks (where p is a positive 
constant). We mention that property (0) was first introduced by Cameron 
[6] for the restricted class of symmetric designs. 
Note also that if (x, v) = (0, 2) then property (0) trivially holds, since in 
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that case p must be 1. Sections 1 and 3 are devoted to classification results 
which heavily depend on property (0). Among these are characterization 
results of the extremal cases k = y* + y, 3. = y2 + y - 1 and A= y* in 
Baartmans and M. S. Shrikhande [2], where the same results were derived 
under the assumption that the qs. design contains no three mutually dis- 
joint blocks. Section 2 is devoted to the structural investigations of biplanes 
of characteristic three closely following the line of arguments in [ 111. In 
this section, we associate various designs and Steiner systems to a biplane 
of characteristic three which will be hopefully useful in obtaining further 
constraints on biplanes of characteristic three. 
1. SOME CLASSIFICATION RESULTS ON QUASI-SYMMETRIC DESIGNS WITH x= 0 
For this entire section, assume that D is a quasi-symmetric 2-(v, k, A) 
design in which any two blocks intersect in 0 or y 22 points. If both the 
intersection numbers occur then D will be called proper. Clearly then, an 
improper quasi-symmetric design (q.s. design) D is just a symmetric 
(u, k, i)-design. The purpose of this section is to give classification results 
generalizing the results in Mavron and Shrikhande [ll], where y was 
assumed to be 2. As pointed out in the Introduction, the case y =2 is 
certainly special among the class of quasi-symmetric design with x = 0 and 
y > 2, since in that case any triple of points is contained in at most one 
block (else y > 3, a contradiction). This observation demands that we 
restrict our study to these D which also satisfy the following additional 
requirement: 
Property (0). D has property (0) if there exists a constant p (a 1) such 
that every triple of points is contained in 0 or p blocks. 
We record that Property (0) was introduced by Cameron [6] in the 
special case when D is improper, i.e., a symmetric design. Observe also that 
Property (0) is trivially satisfied if y = 2 (because then p = 1). In view of 
Property (0), call a point-triple of D good if it is contained in some block 
and bad otherwise, i.e., if no block contains it. We now repeat the following 
definitions borrowed from Mavron and Shrikhande [ll], where (x, y) = 
(0, 2) was assumed. 
Property (I). D has Property (I) if for any given set (ql, q2, q3, q4} of 
four points the conclusion (q2, q3, q4) is a good triple follows from the 
hypothesis: (ql, q2, q4) and (ql, q3, q4) are both good triples. 
Property (II). D has Property (II) for a non-flag (s, B) if given a set 
(qI, q2, q3} of three points contained in B; the conclusion (q2, q3, s) is a 
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good triple follows from the hypothesis: (ql, q2, s) and (ql, q3, s) are both 
good triples. 
Property (III). D has Property (III) for a non-flag (s, B) if given a set 
{ql, q2, q3} of three points contained in B, the conclusion (q2, q3, s) is a 
bad triple follows from the hypothesis: (ql, q2, S) and (ql, q3, S) are both 
bad triples. 
With certain exceptions, it turns out that D satisfying Property (0) and 
one of Property (I) or Property (II) is actually a 3-design of the following 
type C: 
DEFINITION 1.1. A quasi-symmetric 3-design D is called type C if it is a 
3-(v,k,A) design where v=(n+l)(n”+51+5), k=(A+1)(1+2), A=&, 
x=0, y=/z+l. 
THEOREM 1.2 (Cameron [4]). Let D be a 3-(v, k, %) design such that D 
is an extension of a symmetric design. Then x = 0 and conversely. Moreover, 
D is either a Hadamard 3-design, a type C design, a 3-(496, 40, 3) quasi- 
symmetric design with x=0 and y=4 or a 3-(112, 12, 1) quasi-symmetric 
design with x = 0 and y = 2. 
THEOREM 1.3 (Lam et al. [9]). The lust possibility in Theorem 1.2 does 
not exist. 
Of the properties stated here, Property (III) has not yielded to a 
generalization (y B 3). We therefore record 
THEOREM 1.4 (Mavron and Shrikhande [ll, Theorem 3.81). Let y=2 
and suppose D has Property (III). Then D is the extension of the projective 
plane of order 2 or 4 or D is the unique biplane with k =4 (symmetric 
(7,4, 2)-design) or the unique 2-(21,6,4) q.s. design. 
LEMMA 1.5 [16]. The following equation is satisfied by the parameters 
of D: 
(r-l)(y-l)=(k-l)(A-1). 
LEMMA 1.6. Let v - 1 > k > y + 1. Then k > i + 1 with equality if and 
only if D is an extension of a symmetric design (and then the parameters of 
D are as given in Theorem 1.2). 
Proof A repetition of the argument in [ 11, Lemma 2.21 proves this: If 
q is any point then D, the derived design at q is a l-design whose dual is 
a 2-design. Application of Fisher inequality to that design gives k 3 ;1+ 1 
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with equality if and only if the dual of D, and hence D, is a symmetric 
design. (Actually, the standard parameter relations for the same design 
prove Lemma 1.5.) 
THEOREM 1.7. Let D be a q.s. 2-design with x = 0 and y 3 2 such that D 
has both Properties (0) and (I). Then D is an extension of a symmetric 
design (and conversely). 
Proof: This is essentially contained in [ll, Theorem 3.2 J. Let 
(ql, q2, q3) be any point-triple. Using Property (0), it is enough to show 
that this triple is contained in some block, which will prove that D is a 
3-(u, k, &) design with %, =p (and x = 0) and our proof will be complete 
in view of Theorem 1.2. 
Let B,, and Bi3 be two blocks containing (ql, q2) and (ql, q3), respec- 
tively. Since y 2 2 these blocks intersect in some point s # ql. Then 
(s, q2, ql) and (s, q3, ql) are both good triples. So Property (I) implies that 
(q2, q3, ql) is a good triple. Hence the proof. 
The following result extends [ 11, Theorem 3.41. 
THEOREM 1.8. Let D be a q.s. design with x = 0 and y 3 2. Assume that 
D has Property (0) and Property (II) for some non-flag (s, B). Then D is one 
of the following four types : 
(a) y = 2 and the unique 3-(8,4, t), i.e., an extension of a projective 
plane of order two. 
(b) D is a biplane, i.e., a symmetric (v, k, 2)-design, and if D has 
characteristic (see [S] or Section 2 of the present paper) then the charac- 
teristic is three. 
(c) D is an extension of a symmetric design; i.e., D is a 3-design with 
x = 0. 
(d) D is a 2-(100, 12, 5)-design with y = 2. 
ProoJ If y = 2 then [il, Theorem 3.41 gives (a), (b), and (d) as the 
only possibilities for D. So let y L 3 where, by Theorem 1.2, it suffices to 
show that D is a 3-design in order to conclude that D is as in (c), Our 
proof is similar to the one in [ll, Theorem 3.41. Define a relation - on 
the point-set of B by writing q1 N q2 if (s, ql, q2) is a good triple. Then 
Property II implies that - is an equivalence relation on the point-set of B. 
Using Property (0), the size of each equivalence class is 1 + A( y - 1)/p, 
where p is the constant involved in Property (0) (make a two-way counting 
of pairs (q, q’) where q is a fixed point of B, q’ E B such that (s, q, q’) is a 
good triple). Let u be any point of D and consider the derived design D, 
at u. As in the proof of Lemma 1.6, the dual D,* of D, is a 2-design and 
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by Property (0), any point-pair occurs in 0 or p blocks. Therefore D,* is a 
quasi-symmetric 2-design with parameters v* = Y b* = v - I Y* = k - 1, 
k* =I., a* =y- 1, x* =O, and y* =p. By Lemma’15 (applied to D,*) we 
have (r*-l)(~*-l)=(k*-1)(2*-l), i.e., 
(k-2)(p- I)=(& l)(y-2). (1) 
Since D is itself a q.s. design, Lemma 1.5 (applied to D) again gives 
(Y-l)(y-l)=(k-1)(2-l). (2) 
Now assume that we have at least two equivalence classes under v. 
Then 2( 1 + A( y - 1)/p < k, which implies that k - 2 > Ay + y - 2. Since y > 3 
(and 1>3), Iy++-22(2-l)(y-2). So k-2>(;1-l)(y-2), which by 
(1) implies that p = 1. But then y < 2, a contradiction. So there is only one 
equivalence class under -. 
Therefore the size of an equivalence class = 1 + n(y - 1)/p = k, i.e., 
p(k - 1) = i(y - 1). Subtracting (1) from this equation obtains p + k = 
n+y,i.e.,p+(k-l)=~+(y-l)andp(k-l)=~(y-l).Fromthesetwo 
equationsp=1andk-l=y-lorp=y-landk-l=d.Ofthese,the 
first possibility cannot occur since y # k (for, y = k by Lemma 1.5 implies 
r = II which gives v = k, a contradiction). So A= k - 1 and Lemma 1.6 
proves the result. 
Let D be a q.s. design with y = 2. An arc in D is a set A of points of D 
with the property that no three points of A are contained in a block of D, 
i.e., A contains no good triple. The following is a particular case of a result 
in [17]. 
LEMMA 1.8. With everything as above let A be arc of D. Then 
(Al <r/I. + 1 with equality if and only if every block meets A in 0 or 2 points. 
Proof For a fixed point q in A count flags of the type (z, Z), where q, z 
are in 2 and z E A. Then a two-way counting shows that (I Al - 1) ,I < r. 
Hence the inequality. Clearly equality holds if and only if every 2 contain- 
ing z contributes precisely one point to the set of such flags, i.e., IZ n Al = 2 
for all the blocks Z containing z. 
DEFINITION 1.9. An arc A satisfying equality in Lemma 1.8 (i.e., 
IAl = 1 + r/n) is called a maximal arc (in a q.s. design with (x, y) = (0, 2)). 
THEOREM 1.10. Let D be a q.s. design with (x, y) = (0, 2). Suppose D has 
a maximal arc. Then one of the following holds: 
(i) D is a biplane with k even. 
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(ii) D is a proper quasi-symmetric design with v = (s + 1)’ (s2 + 3s + 1) 
+l, k=(s+l)(s+2), andi=s+3, ~31. 
ProojY By Lemma 1.8, ;1 divides r and by Lemma 1.5, r = (k - l)(A - 1) 
+ 1. Hence 1” divides k - 2. Write k = SE, + 2, s B 1. First assume that s = 1. 
Then k = i + 2 and therefore, for a non-flag (s, B), given q E B the number 
of points w  on B such that (s, q, w) is a good triple is exactly ;1 (because 
y = 2). So there is a unique point q’ on B for which (s, q, q’) is a bad 
triple. It is then clear that Property (III) is vacuously satisfied. By using 
[ll, Theorem 3.81 and noting that D is not a 3-design (because there are 
bad triples), D is either the unique biplane with k= 4 or the 2-(21,6,4) 
design. 
Now assume that s > 2. By Lemma 1.5, k > y = 2 with equality implying 
that D is symmetric; i.e., D is a biplane. Since k = si + 2, A = 2 gives D as 
in(i).LetiB3andsk2.Thenr=(k-1)(;1-1)+1=(s/l-1)(3,-1)+1. 
Using n(u-l)=r(k-1) and k=s;l+2, we obtain v=(s(A-l)+l) 
(~3, + 1) + 1. Since vr = bk, we obtain (s + 2)(1- 2) = 0 (mod sl+ 2), where 
A> 3. Hence s;l+2< (s+2)(2-2) which implies 1>s+3. But then 
(s + 2)(3, - 2) = 2(1- (s + 3)) (mod sl + 2) and therefore s1+ 2 divides 
2(J-(sf3)). If A#s+3 then &+2<2(1-(s+3)) gives (s-2)(2+2),< 
- 12 which is absurd. So A = s+ 3 and the parameters of D are as given 
in (ii). 
Remark 1.11. Taking s= 1 in Theorem 1.10 obtains the unique 
2-(21, 6, 4) quasi-symmetric design. The case s = 2 gives the parametrically 
feasible 2-(100, 12, 5) q.s. design. Both 2-(21,6,4) and 2-(100, 12,5) 
designs arise in [ 11, Theorems 3.6 and 3.81. 
2. BIPLANES OF CHARACTERISTIC THREE 
A subclass of the larger class of quasi-symmetric designs with 
(x, y) = (0,2) studied in [ 111 is the family of biplanes, i.e., symmetric 
(u, k, 2) designs. No example of a biplane with k 3 14 seems to be known, 
nor is it known whether there are only finitely many biplanes. Hussain in 
[lo] associated a chain structure (graph) with every non-flag (z, B) of a 
biplane D in the following manner: G = G(z, B) is the graph with vertex-set 
the point-set of B and two points z 1, z2 adjacent if (z, zr, ZJ is a good 
triple. It is easily seen that G is a disjoint union of cycles. Following 
Cameron [S], if G(z, B) is a disjoint union of m-cycles for every non-flag 
(z, B) and m is a constant independent of (z, B) then D is said to have 
characteristic m. Biplanes of characteristic three exist for k = 3 and 6 and 
the next feasible value is k = 18 as shown in 
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THEOREM 2.1 [ll]. If a biplane has characteristic three then k E 0 
(mod 3), v is even and k - 2 is a perfect square. 
Observe that if (z, B) is a non-flag of a biplane then the graph G(B, z) 
defined on the blocks containing z in a dual manner is isomorphic to the 
graph G(z, B) under the natural correspondence between the blocks on z 
and the point-pairs (edges in G(z, B) in B. Hence the dual of a biplane of 
characteristic three is a biplane of characteristic three. Theorem 2.1 was 
proved in [11] using somewhat involved counting argument. The purpose 
of the present section is to break that argument in parts (called assertions) 
and use these assertions to obtain stronger structural information which 
would hopefully be useful in pinning down the structure of a biplane of 
characteristic three. However, we confess that our treatment has failed to 
improve the numerical constraints imposed on the parameters of a biplane 
of characteristic three given in Theorem 2.1. We begin by noting an 
obvious special case of Theorem 1.8: Let D be a biplane. Then D has 
characteristic three if and only if Property (II) holds for every non-flag. 
From this point on, assume that D is a biplane of characteristic three. 
PROPOSITION 2.2. Fix a block B. For every z $ B, define D(z, B) to be the 
set of k/3 subsets of size 3 which are 3-cycles (treated as point-sets in B) in 
G(z, B). Form an incidence structure D* whose point-set is B and whose set 
of blocks is the union of D(z, B) for all zq! B. Then D* is a resolvable 
2-design with parameters v* = k, b* = (v-k) k/3, r* = v - k, k* = 3, and 
A* = k - 2, such that D* has no repeated blocks. 
Proof. This is obvious; every point z $ B gives rise to a resolution. Also, 
if zi, z2 determine the same triple in B then we get two blocks meeting in 
Zl, zz, and a point of B-a contradiction. 
PROPOSITION 2.3. Fix two blocks X and Y intersecting in points LY and fl. 
For every z $ Y, z # a, fl let D(z, X) be defined exactly as in Proposition 2.2; 
i.e., D(z, X) consists of the k/3 subsets of size 3 given by the 3-cycles in 
G(z, X). Out of these subsets precisely one contains a and /?. Define D,(z, X) 
to be the subset of D(z, X) obtained by deleting the subset containing c1 and 
/I (then D,(z, X) consists of k/3 - 1 triples). Define the incidence structure 
D, whose point-set is X- (a, p} an d h w ose block-set is the union of D,(z, X) 
for all z E Y, z # CI, /?. Then D, is a 2-design without repeated blocks and with 
parameters: v,=k-2,b,=(k-2)(k-3)/3, r,=k-3, k,=3, and i,=2. 
Further, the blocks of D, can be partitioned into k- 2 sets, each set with 
(k - 3)/3 pair disjoint blocks (and one point not covered). 
Proof A straightforward verification; every class corresponds to a point 
of Y other than CC, /I. For a point-pair in X- {a, fl}, the unique block 
containing that pair intersects Y in two points. Hence A1 = 2. 
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We now outline the main points (from [ll]) used in the proof of 
Theorem 2.1. These are called assertions and their proofs can be found in 
[ 111. Our setup is as follows: X and Y are two blocks intersecting in points 
LX, j?. Write X’=X- {CI, /I}, Y’= Y- (a, /I}. In general if T= (aI, al, . . . . a,> 
is a set of at least three points contained in a block B then B is uniquely 
determined by this set of m points. In that case, write B = (a,, a2, . . . . a,,,). 
Let 2 be a block intersecting X’ in x1, x2, Z # X. Suppose Z n Y= 
(yl,y2}. We then havey,,y,EYand Z=(xl,x2,yl~=(x~,x2,~2~= 
(xl,Yl,Y2)=(x2,Yl,Y:!). 
ASSERTION 1. Let W#Z be the block containing x1 and yl. Suppose 
Wn X= {x1, x3} and Wn Y= {y,, y3}. Then the points x1, y,, x3, y3 are 
all distinct. 
As already remarked, the proof of Assertion 1 and all the other asser- 
tions to follow are essentially given in [ 111. 
ASSERTION 2. Let Wi # Z be two blocks such that W, contains xi and yi, 
i=l,2.Suppose W1nX=(x,,x3}, W,nY={y,,y,}, W2nX={x,,x,}, 
and W,nY=(y,,y,}. Thenx,#x,andy,#y,. 
For the sake of a variation, we prove Assertion 2: (x3, Z) is a nonflag, 
Z= (x1,x2,yl), and (xx, x1,x*), (x3,x1,yl) are both good triples. So 
(x3, x2, y ,) is a good triple. Similarly, (x4, xi, yJ is a good triple. If 
x3 =x4 then the unique block containing x1, xi, yz must be WI, since 
yz$X. So W, = (x,, xi, y2). But W, contains y1 and hence W, = 
(x3,x1,yi,y2). But (x,,y,,yz)=Z implies W,=Z, a contradiction. 
Similarly y3 # y4. 
ASSERTION 3. Define two more blocks U1, containing x1 and y2, and U2 
containing x2 and yl, where U,, U,#Z. Then U1=(x1,y2,xq,y3) and 
u2= <X21YllX3YY4>. 
Prod (YX,Z) is a non-flag, Z= (yl,y2,x1), and (y3, y,, y2), 
(y3, y,, xl) are both good. So (y3, y,, xl) is a good triple. But y, $Z. So 
( y,, y2, xl ) = U, . Other parts are similar. 
ASSERTION 4. (x3, x4, y,, y4) = Z’ for some Z’ ; i.e., there is a block Z 
containing x3, x4, y3, y4. 
In [ll], the correspondence between Z and Z’ (which is also obtained 
as a correspondence between the point-pairs of X’) is used to show that the 
number of blocks of D not containing IX, p is an even number; i.e., 
(k - 2)(k - 3)/2 is an even number. This at once shows that v is even and 
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then k - 2 must be a perfect square follows from the Bruck-Ryser-Chowla 
(see [3]) conditions. Implicit in that argument is: 
ASSERTION 5. Let S be the set of all the blocks of D not containing CC, p. 
For Z E S and Z described before Assertion 1, define MN Z tf M is any one 
W,, W,, U1, Uz, Z, Z’. Then N is an equivalence relation on S. 
Essentially, Assertion 5 says that Z can be replaced by any one of Z’, 
U, , Uz, W, , W, and we still obtain the same subset of six blocks if they 
are defined exactly as in Assertions 1 through 4. There are live nice conse- 
quences of Assertions 1 through 5 and these are listed in the following 
theorem. 
THEOREM 2.4. Let X, Y, a, j$ S be defined as above Then: 
(i) ISI is divisible by 6, i.e., (k - 2)(k - 3)/2 = 0 (mod 6). Since k = 0 
(mod 3), we must have k= 3 or 6 (mod 12). (Observe that this also proves 
Theorem 2.1). 
(ii) The equivalence relation - defined on S also defines an equiv- 
alence relation N on the set Q of all the point-pairs of x’ =X- {a, p} under 
the one-to-one correspondence between blocks in S and members of Q. 
A typical equivalence class in Q consists of all the 6 point-pairs of a 
4-subset (x1, x2, x3, x4} of X’. For example, the equivalence class 
(Z Z’, WI, W2, ul, u2) in s induces ((xl, x2), (x3, x4), (x1, x3), (x2, x4), 
(x,3 x4), (x*, x3)). 
(iii) For an equivalence class E in Q as described in (ii) let E, be the 
set (support) of four points of x’ which occur in members of E. Define an 
incidence structure D, whose point-set is x’ and whose blocks are E,, where 
E is an equivalence class in Q. Then D, is a Steiner system with parameters 
v,=k-2, k,=4, and &= 1. 
(iv) If 0; is a Steiner system 2-(k - 2,4, 1) defined on the point-set Y 
in the same manner Dz is defined in (iii) then there is a one-to-one corre- 
spondence between blocks of D, and D,*: in the notation of Assertions 1 
through 5 {yl, y,, y3, y4) corresponds to (x1, x2, x3, x4) and both are 
induced by (Z, Z’, W1, W,, U,, U,]. 
(v) Recall the definition of the design D, given in Proposition 2.2. 
Then every block of D, (whose size is three) is contained in a block of D,. 
In fact, the blocks of D, are precisely obtained by taking all the four 
3-subsets of a block of D, for every block of D,. 
Proof: All the assertions follow from our earlier assertions 1 through 5. 
To prove (v), take a typical block {xi, x2, x3, x4} of D, and observe that 
in D,, {x1,x2, x3} is induced by y1 E Y’ and other triples are similarly 
induced by YZ, ~3, ~4. 
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3. FURTHER RESULTS ON QUASI-SYMMETRIC DESIGNS WITH x=0 
In this final section, we prove some results on quasi-symmetric designs 
with x = 0. A major part in this section revolves around Cameron’s 
theorem (Theorem 1.2) and in particular on characterizations of designs of 
type C. The two basic results we use are: 
LEMMA 3.1. Let D be a quasi-symmetric 2-(v, k, 3L) design with x = 0 and 
y 2 2 such that D satisfies Property (0) (for some p). Suppose D is not a 
3-design and let u be any point of D. If D,* denotes the dual of D,, the 
derived design at u then D,* is a proper 4.x design with k* = Ib, x* = 0, and 
y* = p. Hence p divides ,I. 
Proof: This has already been shown in the proof of Theorem 1.8. If D,* 
is symmetric then so is D, and then D is a 3-design. By a well-known 
result, (see, e.g., [16]) y* divides k* in a proper 9,s. design. 
THEOREM 3.2 [16]. Let D be a proper quasi-symmetric 2-(v, k, 3,) design 
with x = 0 and y 3 2. Let m be the integer k/y (see [ 161) and for two given 
disjoint blocks let C be the number of blocks disjoint from both of them (this 
is an invariant of D). Then 1 satisfies the quadratic A A2 + BA + C = 0, where 
A, B, C are polynomial functions of m, y, and F whose values are given by: 
A=(m-l)y[m(y+l)-m2-11, B=-[(w-l)y(2m(y2+1)-2m2y- 
b+1)}-(y-1)‘-fv4, andC=-(my-l)y2(m-1)2. 
The special case F= 0 of Theorem 3.2 was considered in [2], where it 
was proved that 2 < m Q y + 1 and it was also shown that the extremal case 
m = y + 1 can be characterized as a design of type C or its quasi-residual. 
This section attempts to remove the condition C = 0 (in extremal cases) 
with partial success. 
THEOREM 3.3. Let D be a proper quasi-symmetric 2-(v, k, 1) design with 
x=0 andyZ2 such that k=y2+y. Then B=(L--l)/(y-1) is an integer 
and 
holds, where C has the same meaning as in Theorem 3.1. Also the following 
assertions hold: 
(i) p d y + 2 with equality if and only if D is a design of type C. 
(ii) B = y + 1 if and only $0 is a quasi-residual of a design of type C. 
(iii) If D satis$es Property (0) then D is a design of type C or the 
unique 2-(21, 6, 4) design with (x, y) = (0, 2). 
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Proof Since k =y2 + y, Lemma 1.5 implies that y - 1 divides A - 1. In 
the quadratic of Theorem 3.2, write 1” = /?(y - 1) + 1, m =y + 1 (since 
k = y(y + 1) and simplify to obtain (3). Lemma 1.6 implies that fi < y + 2 
with equality if and only if D is a 3-design. Then in (3), C = 0 and (i) a 
direct consequence of [2, Theorem 3.61. Alternatively observe that D must 
be an extension of a symmetric design and Theorem 1.2 tells us that 
k =y2 +y if and only if D has type C. This proves (i). For (ii) again 
observe that /I = y + 1 yields E = 0 and [2, Proposition 3.81 is applicable. 
Finally consider (iii). Then with the substitution 3, - 1 = B(y - 1) and 
k=y’+y, (1) reads: (y+2)(p-l)=/?(y-2). If y=2 or p=l then (i) 
implies that fl= 3 or 4 and hence C = 0. So [2, Theorem 3.6 and Proposi- 
tion 3.81 are applicable again to show that D is the 3-(22, 6, 1) design or 
its residual, the 2-(21, 6,4) design. Hence assume that y > 3. If y is odd 
then y - 2 and y + 2 are coprime and therefore y + 2 divides /I, i.e., 
y + 2 <p and we are done by (i). If y is even then the g.c.d. of y + 2 and 
y - 2 divides 4. 
So y + 2 divides 4/I < 4(y + 2). Hence /I equals y + 2, (y + 2)/2, 
3( y + 2)/4, or (y + 2)/4. In the first case we are done by (i). In the second 
case, use (3) to obtain y + 1 divides 1, a contradiction. In the third and the 
fourth cases, (3) yields y + 1 divides 3, i.e., y = 2, contrary to the assump- 
tion. This completes the proof of Theorem 3.3. 
THEOREM 3.4. Let D be a quasi-symmetric 2-(0, k, A) design with x = 0 
and y 3 2. Suppose I. = y2. Then D is a residual of a design of type C. 
Proof: In view of Theorem 3.3 (ii), it is enough to show that k = y2 + y. 
Write k = my where m is an integer, use Lemma 1.5 and substitute J. = y2 
to obtain r=my2+(m-1)y. Next A(u-l)=r(k-1) gives v-l= 
(my + m - l)(my - 1)/y whence y divides m - 1. Write m = ay + 1 to obtain 
r=y2(ay+cc--1) and u=(ay+a+l)(ay2+y-l)+l. Using bk=ur, we 
obtain k = my divides ur and hence m = ay + 1 divides [ (cly + a + 1) 
(ay2+y-l)+l].(ay+a+l)y. Therefore, a-1-0 (moday+l). So 
eithera=l orcry+l<cc-1 whichisabsurd.Hencea=landm=y+l; 
i.e., k = y2 + y and we are finished. 
THEOREM 3.5. Suppose D is a quasi-symmetric 2-(v, k, A.) design with 
x = 0 and y > 2. Let 1= y2 + y - 1 and assume that D satisfies Property (0). 
Then either 
(i) D is a 3-design of type C or 
(ii) u = 100, k = 12, A = 5, and y = 2. 
Proof. If D is a 3-design then by Lemma 1.6, k = y2 + y = ;1+ 1 and by 
Theorem 1.2, D must be of type C. So assume that D is not a 3-design. 
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Clearly p = 1 if and only if y = 2 and this case is treated separately. So 
assume further that y # 2 and p # 1. We show that this leads to a contra- 
diction. 
In Eq. (1) substitute the value of ,I to obtain (k - 2)(p - 1) = 
(y + 2)(y - l)(y - 2). Since y divides k we must have 2(p + 1) = 0 (mod y). 
Lemma 1.6 and Eq. (1) imply that p + 1 < y and y divides 2(p + 1). So 
y = 2(p + 1). Hence A = 4(p + 1)’ + 2(p + 1) - 1. Lemma 3.1 then implies 
that p divides 1, i.e., p divides 5. Therefore p = 5 (since p # 1). This gives 
y = 12, I. = 155, and k = 387 (using Eq. (1)). So y = 12 must divide k = 387, 
a contradiction. 
We are finally left with p = 1 and y = 2. Then A =y2 + y - 1 = 5. So 
Lemma 1.5 gives Y = 4k- 3. Hence U- 1 = (4k- 3)(k- 1)/5 and 5 divides 
(k-2)(k- 1). Compute b =ur/k to obtain [(4k-3)(k- 1) + 5](4k-3)= 
0 (mod k), i.e., k divides 24. Since k > A + 1 (by Lemma 1.6 and D is not 
a 3-design), we have k= 8, 12, or 24. But 5 divides (k- 2)(k - 1) and 
therefore k = 12 is the only possibility. 
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